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1 The organizing principle ZH%R /&N

Tools are usually sorted by what they compute. Sort them instead by who the reader has
to trust, and the whole landscape reorganizes into four roles.
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Role Question Output Trusts

Falsifier iEfh%s  Is there a a witness nothing 7% \
counterexample?

Certifier i 13 Can it become an a certificate nothing % A\

A A identity?

Bounder 7t How large can it be? a proved enclosure the interval library

f

Decider #/5¢ %  True or false? a verdict the solver

A witness and a certificate can be rechecked by anyone with a CAS. A verdict cannot: unsat
is the solver asserting it searched exhaustively. So every use of a decider enlarges the trusted
base and gives a referee one more thing to question, while falsifiers and certifiers enlarge it by
nothing at all.
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Practical rule. Prefer the earlier rows. A result obtained from the first two rows is not merely

cheaper to obtain, it is cheaper to defend.
2 SMT Zft4 What SMT is
2.1 From SAT to SMT

SAT asks whether a propositional formula built from A,V,— has a satisfying assignment.
SMT (Satisfiability Modulo Theories) keeps the boolean skeleton but replaces the atoms with

statements in a background theory:

(@+2y<7) A ((@>0) Vv (f(a) = f(b)))-

Here z,y are reals and f is an uninterpreted function. The phrase modulo theories means satis-

fiability relative to that theory. The smallest illustration:

pAq, p=(x>0), g=(x<0).
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As propositional logic this is satisfiable, since p and ¢ are unrelated booleans. Modulo the theory
of reals it is unsatisfiable. That gap is exactly what SMT adds.

UEAr S A, p A g AN TE R IR AS &, AR SRR AN AT R . XA ZEE SMT L
SAT Z KA 2RI .

2.2 Inside: DPLL(T)

1. A SAT solver sees only the skeleton and proposes an assignment of atoms.
2. A theory solver takes the conjunction of asserted atoms and decides consistency in its theory.

3. If inconsistent, it returns a conflict clause (—p V —q) to the SAT solver.

o

. Repeat.

So an SMT solver is a fast boolean search engine plus a set of specialized mathematical
deciders. Z3 uses simplex for linear arithmetic and nlsat for nonlinear; cvch uses cylindrical
algebraic coverings for nonlinear.

SMT solver = —MRIRAA /R R G5 + 5T LT THRECAFIES . X WA 7 94 23.0ptimize
T8 A SR PR AT A BEAR R AR 28 B, nlsat MRAUEA HIR1T.

2.3 Three answers — &R

Return Meaning Use

unsat no solution Proof. To prove Vz P(x), feed = P(z).

sat solution, with a model Counterexample. The model is the witness.
unknown undecided Timeout, or the theory is undecidable.

The third is the one people forget. An SMT solver is not a universal decision procedure.

2.4 Fragments and decidability It H B SH#IEM

Fragment Content Decidable?

UF uninterpreted functions, yes, fast (congruence closure)
equality

LRA linear real arithmetic yes, fast (simplex)

LIA linear integer arithmetic yes, NP-hard

NRA nonlinear real yes, doubly exponential (Tarski 1951,
(polynomial) CAD)

NIA nonlinear integer no (Hilbert’s 10th problem)

BV, arrays, yes

strings

with exp,sin,log  transcendental no in general (Richardson)
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The prefix QF_ means quantifier-free, as in QF_NRA.
Three consequences that explain almost everything encountered today.
(i) Polynomial inequalities live in NRA: decidable but expensive. Hence z3 needs nlsat, and
cved needs nl-cov.
(ii) exp and log are not a missing feature, they are undecidable. This is why dReal is only J-
complete: it replaces an undecidable question with a decidable perturbed one. Transcendental
claims must go to interval arithmetic instead.

(iii) lean-smt supports only UF and LIA/LRA because proof production and reconstruction

are mature for the linear fragment and still an open problem for NRA.

2.5 Why unsat still needs trust

A sat answer hands you a model you can substitute back and verify yourself. An unsat
answer is a sentence. To avoid trusting it, the solver must emit a proof object: proof-producing
SMT. cvcb is stronger here than z3, but for nonlinear arithmetic the emitted proofs contain coarse
trusted steps, and making them fine enough for automated checking is an open research problem.

X fe b aion) R 2R EORRIE: E20F B, SMT K unsat HATHLZ RGBS

3 Certificates 1UEH

A certificate turns a claim into a finite object that a CAS re-verifies exactly. Nothing about

the solver that found it is trusted.

3.1 Sum of squares (Positivstellensatz)

To show p >0 on {g1 >0,...,gm > 0}, exhibit
m
p = o9 + Z 0j 9, o; a sum of squares with positive rational coefficients.
j=1

Given the o0, nonnegativity is immediate. The identity is a statement about polynomials with

rational coefficients, so sympy settles it by expansion.

How the certificate is produced. Writing p = m ' Q m over a monomial basis m, the constraint
Q@ > 0 with coefficient matching is a semidefinite program. The SDP is numeric, so its @ is floating
point and the identity only approximate. The repair is Peyrl-Parrilo:

1. solve the SDP numerically;

2. round @ to rationals at some denominator;

3. project exactly, over Q, back onto the affine set {Q : A(Q) = coeffs(p)};

4. check @ = 0 by exact rational LDLT;

5. read off 0 = Y, d; (L"m)? and expand the residual.
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Step 3 is what makes rounding harmless. After the projection the identity is exact again, and
the only thing left to verify is positive semidefiniteness, which is decided in exact arithmetic.
A wrong SDP solver cannot produce a false certificate, only fail to produce one.

93 b RKHE: B RS E RS, FNEIK AR IEE, TR R AR E 1
SDP Kffds thi A R HEARNEY, Aa A HiEd.

Worked example. For 23+ (1 —z)3 > i:
3 3_1 1\?
P+ (1-2) -7 = 3(1‘—5) , residual = 0.

which exports directly as nlinarith [sq_nonneg (x - 1/2)].

Limits. Only polynomials. A failure is not evidence the claim is false, only that no decomposition

exists at that relaxation degree.
A BNERAE TN, R HRZE N . Z4R & BIEH SMT 8X a7k,

3.2 Farkas multipliers

For linear systems the certificate is a vector of nonnegative rationals. To certify that Ax <b

is infeasible, exhibit 3 > 0 with ATy =0 and b"y < 0. Then for any feasible x,
0=(ATy) Te=y"(4z) <y'b<0,

a contradiction. To certify Az < b= ¢'z < d, exhibit y > 0 with ATy = cand b'y < d. Same

repair technique: round the numeric dual, then project exactly onto {y : ATy = c}.

4 Rigorous numerics EE¥1{E

4.1 Enclosure versus sampling

A grid scan that passes at 400 sample points says nothing about the 401st. No sampling loop
can ever establish a negative existential such as “this function has no interior maximum”.
FFELE 400 AN B, BB T 28 401 Rl MRS ACEAREIER” AELE.

Interval (ball) arithmetic evaluates over an entire box at once. Each quantity carries a proved
error radius, so a comparison such as v > 0 returns true only when it has been proved for the
whole ball. Adaptive bisection then covers the domain with finitely many boxes of definite sign,
which is a proof, or finds a box of the opposite definite sign, which is a refutation with an exact

rational witness.

4.2 What it cannot do

Interval methods cannot certify a non-strict bound that is attained. If f(x*) = 0 for some
interior *, no enclosure around z* is ever strictly positive. The honest report is unknown localized
at the contact point, not success. Such cases belong to the SOS layer, which handles equality

contact exactly.
BRI (AR S, X AR R BN HSR, 4 unknown JRHE & fi 42 IEAHAT J9.
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4.3 A trap

mpmath is arbitrary precision but not rigorous. It must never supply a numerical bound

that goes into a paper. Use Arb.

5 Three defects found today $X&E LI =M

5.1 z3.0ptimize is wrong on nonlinear objectives, silently

2

Measured, with min 2* — z on [0, 1], true value —1/4:

Problem check() 1lower / upper
linear, min3z — 1 on [0,1]  sat -1/ —1 correct
nonlinear, min 72 — sat —39/256 / — 39/256 wrong
same, square named y = 2% sat —39/256 / —39/256  unchanged
Note lower == upper. This is not best-effort with a caveat; the one field that would signal

uncertainty positively asserts a tight bracket that is false. Naming the square explicitly does not
help, so it is not a syntactic artifact.

The same z3 refutes it in one call:

Jr€10,1]: 2 —2 < -1 = unmsat, Jre0,1]: 2’ -2 < -3 = sat.

Cause. The optimization engine is built on simplex: dual simplex with an objective row, branch
and bound for integers, MaxSAT cores for soft constraints. All of that is machinery for linear
objectives. Nonlinear goes to nlsat, a decision procedure with no objective row. The nonlinear
monomial cannot enter the objective row, so the optimizer optimizes the linear relaxation it can
see and reports that as tight, which within that relaxation it is.

AN TEEEAR G AT SRR TR, EA T AT A XA B IERA AL, HEEu, Rt 1
SRR 2
Fix. Report a certified bracket: a lower end proved by prove_forall on both solvers, an upper

end attained at an exact rational witness, and status proved only when the two meet.

5.2 Quantifiers over a finite domain go through MBQI

Searching for a finite counter-model with quantified range guards, the same logical formula

gave different answers depending only on parenthesization:

Guard as written Result

And(And(a>=0,a<n), And(b>=0,b<n)) sat

And(a>=0,a<n,b>=0,b<n) unknown

Model-based quantifier instantiation is incomplete on this fragment.
Fix. On a finite domain, do not use quantifiers. Expand every V into an explicit conjunction

over the domain. The problem becomes quantifier-free finite constraint solving, which is decided
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reliably. Confirm the model afterwards by evaluating the axioms in plain Python against the

extracted table, with no solver in the loop.
HIR G AR, SRR ground 2908 FEIFEETH 4 Python = HRAEHIA.
5.3 A grid scan is not a credential

This one had already caused a retraction: a ledger entry claiming “no interior maximizer”
was withdrawn because the search grid had been truncated. Same shape as the Optimize defect:

a confident answer over a region never actually covered, with no path to recheck it.

6 Environment, measured IFESC
6.1 python-flint and Arb

Installing python-flint flips sympy’s GROUND_TYPES from python to flint. The auto-

selection order is flint > gmpy2 > python, so gmpy2 can coexist and will only accelerate

mpmath.
Operation python flint ratio
Poly degl200 x degl200 25.1 ms 0.2 ms ~125x%
Poly gcd, deg ~3600 919 ms 5.9 ms ~156 %
Poly A3, deg 3600 108 ms 0.4 ms ~270x
Hilbert-60 exact inverse over Q@ 440 ms  12.1 ms ~36 X
Hilbert-60 exact determinant 773 ms 12.6 ms ~61x
120 x 120 integer determinant 660 ms 12.6 ms ~bH2x
rref over QQ 851 ms 339 ms 2.5x%
factor_list 2?90 — 1 123ms 6.5 ms 1.9x
sqf _list 1182 ms 1380 ms 0.86x slower

The speedup lands only on the polynomial domain and DomainMatriz paths. Symbolic ex-
pression operations (expand, factor, Matrix.det on a sympy Matrix) show no benefit, and
sqf_list is slightly slower. It is not a general accelerator.
Peil RIS ERG 1 2 ARSI A e s FF 9 REXZF WA, H4iE A InE? .

The same package supplies Arb: ball arithmetic where every value carries a proved radius,

plus rigorous integration via acb.integral.

6.2 cvch

Options on a cubic inequality Result Time

default unknown 45.1s
nl-ext=full unknown 64.8 s
nl-cov=true unsat 0.00 s
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nl-cov switches on cylindrical algebraic coverings, a complete decision method for NRA.
Without it cveh contributes nothing to a nonlinear cross-check.
Also: the timeout option is tlimit-per, not z3’s timeout, and cvch raises on an unrecognized
option rather than ignoring it. Swallowing that exception means running with no limit at all.
HN IR BEOFE R A, ST AN RIZ T, SEBEEE.

7 Credential tiers IS E

Layer Output ‘Who must be trusted
exact finite certificate, residual =0  nobody; anyone can redo it
lean kernel-checked term nobody

arb enclosure covering the domain the Arb implementation
sSympy exact symbolic computation sympy

z3 / cvch  a verdict that solver

not a credential: floating point grids, mpmath, local optimizers

Two names present under z3/cvch means both agreed; one name means one solver closed it,
which is weaker and should look weaker on the page. Disagreement means one of them is wrong:

record a conflict, never a credential.

8 Lean hammers: the verdict

8.1 A hammer is two things

Half Output Cost

Premise selection a list of lemma names no permanent dependency
Goal closing (Duper, a tactic call left in the file permanent dependency
lean-smt)

The premise-selection half is already available through the Lean-LSP search tools and

LeanSearchClient. Only the closing half is missing.

8.2 lean-smt, checked

e lean-toolchain is v4.33.0; a project pinned at v4.30.0 would have to move.

o Theories supported: UF and Linear Integer/Real Arithmetic with quantifiers, plus

experimental bitvectors. No nonlinear.

o It links its own patched cvch through Lean’s FFI, so a separately installed cveb does not feed
it.

¢ Self-described as beta; cvch’s proofs may contain holes returned as Lean goals.

e Genuinely strong where it applies: 2868 of 5000 Sledgehammer benchmark problems solved
and 2847 proofs verified, beating both veriT+Sledgehammer and Duper.
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The chain “cvch decides — emits a proof — Lean reconstructs it — kernel credential” is
broken at the nonlinear segment, and not because of lean-smt. Producing CAC proofs
fine-grained enough for automated checking is an open problem upstream in cvch itself.

W ARBEAE AR RIS — B AR LT &, A2 lean-smt 1) SZI ) #

8.3 The right bridge is SOS

The reason is the mirror image of the above. A CAC proof cannot be reconstructed because
its reasoning steps have no compact certificate form. An SOS decomposition is a certificate: a

polynomial identity plus finitely many squares, which Lean closes with one nlinarith call.
nonlinear claim — SOS — exact check in sympy — nlinarith [sq_nonneg (..)]

No new dependency, no toolchain move, nothing to reconstruct. It routes around the open

problem instead of waiting on it.

9 Quick reference R&E

from hz_certify import rigorous as R, certificates as C, decide as D, ledger as L

L.already_recorded("key") # always first: the ledger may have %t
C.sos(p, [x]) #p >= 0 -> ezact certificate
C.sos_on_box(p, {x: (0, 1)} #p >= 0 on a boz

C.farkas(A, b, c, d) # Ax<=b => c.z<=d -> ezact multipliers
C.verify(cert) # recompute, ignoring the verified flag
C.to_lean_hint (cert) # -> nlinarith [sq_nonneg (...)]
R.prove_positive (expr, {x: (0, 1)}) # proved / refuted+witness / unknown
R.integral (expr, x, 0, 3) # proved error radius
R.range_enclosure (expr, box)

D.prove_forall(claim, hyps) # 23 AND cwvcb; proved only <f both agree
D.counterexample (claim, hyps) # witness, replayed exactly in sympy
D.worst_case(obj, cons) # certified bracket, not Optimize
D.independent_axioms (ax, signature=...) # ground search + solver-free recheck

L.record_certificate / record_verdict / record_decision
Decision order for a new claim.

1. Check the ledger. An unchanged statement with a credential is done.
2. Try to kill it first: a counterexample is the cheapest possible result.
3. Polynomial? Try SOS for an exact certificate before any solver.

4. Contains exp, log, sin? SMT cannot help. Use Arb.

5. Only then a verdict, and run both solvers.

6. Record, with the layer that actually ran.

=

5.0.0,

Q
&}
1.5

All measurements taken 2026-08-20 on Python 3.11.5, sympy 1.14.0, python-flint 0.9.0, z3-solver

cveb 1.3.4, cvxpy 1.9.2; Lean 4.30.0. python -m hz_certify.selftest: 38 checks, all pass.
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